We investigate the fine-grained uncertainty relations for qubit system by measurements corresponding to two and three spin operators. Then we derive the general bound for a combination of two probabilities of projective measurements in mutually unbiased bases in d-dimensional Hilbert space (d is prime). Those uncertainty inequalities can be applied to construct different thermodynamic cycles which all imply the second law of thermodynamics.
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PACS numbers: 42.50.Ct, 42.65. -k Introduction.-At the heart of quantum mechanics lies Heisenberg's uncertainty principle [1] , which bounds the uncertainties about the outcomes of two incompatible measurements. For example, if the momentum of a particle is predicted with certainty, when measuring its position, all outcomes would occur. Originally the uncertainty principle is expressed by the Heisenberg-Robertson relation [2] :
with standard deviations △R and △S. There exist limitations using the standard deviation as a measure of uncertainty, since the bound on the right-hand side of relation (1) depends on the state. To overcome this problem, Deutsch [3] proposed a relationship to quantify uncertainty in terms of Shannon entropy. Soon afterwards, an improved entropic uncertainty relation was established by Kraus [4] and then proved by Maassen and Uiffink [5] with form
where H(R) denotes the Shannon entropy of the probability distribution of the outcomes when R is measured. The entropic uncertainty relation provides us a way to quantify the uncertainties with more than two measurements independent of the form of state. The entropic uncertainty relation in the presence of quantum memory has also been presented in Ref. [6] . So far many studies on the entropic uncertainty relation has been done [7] [8] [9] [10] .
Even though the entropic function is better to describe uncertainty than the standard deviation, it is still a rather coarse way of measuring the uncertainty of a set of measurements. Entropy is just a function of the probability distribution when a measurement taken, and it can not distinguish the uncertainty inherent in obtaining any combination of outcomes for different measurements. A new form of uncertainty relation, i.e., fine-grained uncertainty relation, was proposed by Oppenheim and Wehner [11] to overcome this defect. For a set of measurements, there exist a set of inequalities, one for each combination of possible outcomes:
where p(t) is the probability of choosing measurement labeled t, p(x (t) |ρ) is the probability that we obtain the outcome x (t) when performing measurement t on the state ρ and x = (x (1) , . . . , x (n) ) ∈ B ×n is a combination of possible outcomes. Here, ζ x = max ρ n t=1 p(t)p(x (t) |ρ)where the maximum is taken over all states allowed on a particular system. When ζ x < 1, we can not obtain outcomes with certainty for all measurements simultaneously. A state that saturates the inequality (3) is called a "maximally certain state". Till now the fine-grained uncertainty relation has been applied to some aspects. It has been employed to discriminate among classical, quantum, and superquantum correlations involving two or three parties [12] , and also optimize the lower bound of entropic uncertainty in the presence of quantum memory is optimized [13] . Moreover, the fine-grained uncertainty is related with the second law of thermodynamics [14] .
In this letter, we investigate the fine-grained uncertainty relation for mutually unbaised bases. At first we review a simple relation with two measurements, and show that measurements {σ x ,σ z } behave as the best measurement basis. Then, we derive a general fine-grained uncertainty relation for mutually unbiased bases in d dimensions. Finally, we describe a thermodynamic cycle and use our generalized fine-grained uncertainty relation to verify the second law of thermodynamic for a more general situation.
Two-dimensional fine-grained uncertainty relation.-The essence for fine graining is to consider a particular string of outcomes and get the bound ζ x . As an example [11] , we choose Pauli operators σ x or σ z with equal probability 1/2, and for all pure states ρ = |ψ ψ|
with 0 (x) = |+ and 0 (z) = |0 (we label the eigenbases of σ x , σ y and σ z as {|+ , |− }, {| + , | − } and {|0 , |1 }). An arbitrary pure state in two-dimensional Hilbert space can be expressed as |ψ = cos and φ = 0. At this time, |ψ = cos
The two-dimensional Hilbert space exhibits remarkable geometrical properties: a pure state corresponds to a point on the Bloch sphere [17] . The state with θ = π 4 and φ = 0 is located on the angle bisector between x-axis and z-axis. For other pairs of outcomes (0
we can obtain the same bound as relation (4) .
We know that these four states, {|0 , |1 } and {|+ , |− } are the well known BB84 states [15] . We can assume that those two pairs of bases may enable the uncertainty to be optimal on average. It can be explained as follows: for an unknown state, we expect to measure it accurately with two measurements as far as possible, that is to say, we want to get the maximal bound for fine-grained uncertainty relation. Taking a qubit as an example, due to the symmetry of the Bloch sphere, we just consider the x-z semi-plane, namely θ ∈ [0, π], φ = 0. The states |ψ = cos θ 2 |0 + sin θ 2 |1 with different θ appear with equal probability. Without loss of generality, we can first fix a measurement σ z and then pick an arbitrary operator σ n , of which the angle between the two is α with α ∈ [0, π]. Thus p z↑ = cos 2 θ 2 , p n↑ = cos 2 θ−α 2 . In order to take all states into account, we will compute the following integral
in which the maximum is reached when α = π/2. Therefore, σ x and σ z denote the optimal measurements for the uncertainty relation. Let us then consider the two-dimensional fine-grained uncertainty relation from another perspective. We choose two spin operators at will: A = σ · m and B = σ · n, in which m and n are unit vectors [8] . A normalized state |ψ can be viewed as the eigenvector of σ ·k projective to eigenvalue +1, which means that |ψ can be expressed as a unit vector k in the three-dimensional Euclidean space (all these vectors form the so-called Bloch sphere). The corresponding measurement probabilities are p(
where ζ takes the maximum of 1 + 1 2 (m + n) · k over all vectors k forming the Bloch sphere. When k is parallel to m + n, namely, when k lies in the direction of angle bisector between m and n, the inequality takes the maximum.
in which γ ∈ (0, π) is the angle between m and n. If m → x and n → z, |m + n| = √ 2 (γ = π/2), so we will get the relation (4) . From relation (6), we can see that as the angle γ becomes larger, the bound for the fine-grained uncertainty relation becomes smaller. The six states case can be similarly investigated, which corresponds to six states quantum key distribution [16] .
Fine-grained uncertainty relation for mutually unbaised bases.-In order to investigate the fine-grained uncertainty relation in higher dimensional Hilbert space, we confine our discussion to the projective measurements with mutually unbaised bases (MUBs) [18] .
, and furthermore, the squared overlaps between a basis state in one base and all basis states in the other bases are identical. Therefore, after the detection of a particular basis state, all outcomes of the measurement with another base will occur with equal probabilities. The simplest example of MUBs consists of three Pauli matrices in the case of spin-1/2 particle. Let {|j } d−1 j=0 and {|j (k) }(k = 0, 1, . . . , d − 1) denote a complete set of MUBs [19] . We use k =0 to label the base {|j }, which are the eigenvectors of generalized Pauli operator Z, Z|j = w j |j , w = e 2πi/d , and
Next we will discuss how to obtain a fine-grained uncertainty relation in dimension 3 with MUBs, and then generalize to d-dimensional Hilbert space. A three-dimensional pure state can be written as |Ψ = cos x 0 |0 + e iϕ1 sin x 0 cos x 1 |1 + e iϕ2 sin x 0 sin x 1 |2 (8)
note the probability of obtaining the outcome j (k) when taking the measurement with MUB labeled by k on pure state ρ = |Ψ Ψ|. Then it is easily obtained
The equality can be saturated when ϕ 1 = ϕ 2 = 0, x 1 = π/4, and
. When the inequality is saturated, the maximally certain state denote p(0 (0) |ρ) = p(0 (0) |ρ), which means that the angle between the state and base |0 is the same as the one between the state and base |0 (0) . Similarly, any combination of two outcomes from different measurements has the equal upper bound as listed above.
Moreover, the fine-grained uncertainty relation for MUBs in d-dimensional Hilbert space can be conjectured as
This can be proved in the similar way as the threedimensional case. A pure state can be commonly described as |Ψ = cos x 0 |0 + e iϕ1 sin x 0 cos
The probabilities p(0 (0) |ρ) and p(0 (0) |ρ) are easily calculated. The inequality √ n sin x + cos x ≤ √ n + 1 is used to determine the final bound. The same upper bound as relation (10) holds for all any other pairs of outcomes from different measurements.
Verification of second law of thermodynamic.-The measurement operators composed of the MUBs are maximally noncommuting among themselves. It is significant to establish fine-grained uncertainty relation for mutually unbiased bases. For instance, the relation (10) can be applied to verify the second law of thermodynamics in an analogous way as Ref. [14] . We design a similar thermodynamics cycle given in [14, 21] , as depicted in Fig. 1 .
At the very start, we prepare three kinds of particles ρ 0 , ρ 1 and ρ 2 with the number of p 0 N , p 1 N and p 2 N :
They are put into a vessel divided into three volumes with p 0 V , p 1 V and p 2 V by partitions. In this situation, we use semi-transparent membranes that were imaged by von Neumann [22] and Peres [23] . A membrane labeled by M 0 is opaque to a normalized state |e 0 and transparent to the other orthogonal normalized states |e 1 and |e 2 . The process that a state passes through the membrane corresponds to a projective measurement. After we replace the left partition by two membranes M 0 and M 1 and the right one by M 2 , these membranes will move apart until they are in equilibrium. If we let p 0 = p 1 = p 2 = 1/3, the state in the vessel can be written as
3 when the equilibrium is reached. Because the state ̺ is the completely mixed state, we can write
This process enables us to extract work W 1 from the system. In the following discission, we will omit the factor N kT ln 2 contained in the work.
p(e j |̺) log p(e j |̺) 
Next we describe a path from the mixed state ̺ to the initial state. New membranes are inserted to separate the state ̺ = 
where S(̺) denotes the von Neumann entropy. Thus, after this thermodynamic loop the total work is given by
where
is the binary entropy and ρ ej = |e j e j | for j = 0, 1, 2. The monotonicity of H b (p) and relation (9) imply △W ≤ 0. If the uncertainty relation is violated, namely, the bound in inequality (9) becomes higher, then △W > 0 will occur. That means the second law of thermodynamics is violated. The first part of cycle involving the uncertainty relation is an irreversible process, while the returning process is reversible, where we don't use the uncertainty relation. On a deeper level, the uncertainty principle is related to the reversibility, i.e., the direction of thermodynamic process, which is the core of the second law.
Moreover, the similar cycle can be generally extended to ddimensional situation. At this point, the first partition can be replaced by a set of d membranes and the other partitions are directly removed. Therefore we can get a general conclusion:
which shows that violation of uncertainty relation (10) may lead to the violation of the second law of thermodynamics. We generalize the thermodynamic cycle in Ref. [21] Extension to more than two probabilities?-As mentioned above, we just consider the fine-grained uncertainty relation with two probabilities. In future work, it might be interesting to investigate a set of arbitrary number of outcomes, or use other measurement bases.
If we consider a combination of three outcomes for two dimension Hilbert space, namely, we choose measurements σ x , σ y or σ z with equal probability 1/3, then one obtains
where ρ = |ψ ψ| is a pure state and the equality is saturated when θ = arcsin 2/3, φ = π/4. Therefore, in the Bloch sphere representation the maximally certain state lies on the body diagonal formed by x-axis, y-axis and z-axis. Other combinations of three outcomes from different measurements σ x , σ y and σ z hold the same upper bound as Eq. (17) . For other combinations of outcomes, we can obtain the same upper bound. As this example, the quantum uncertainty principle may take various forms. It is still an open question whether there exists inner connection between the entropic uncertainty and the fine-grained one. The fine-grained uncertainty relation may be used to derive better bounds for the entropic uncertainty relation and make the bound tight [20] .
Conclusion.-In summary we derive the fine-grained uncertainty relation for any two spin operators in a qubit system. Thanks to the geometrical property of qubit, we reduce the problem to geometrical one, using the correspondence between state vectors and points on the Bloch sphere, and concluding that the upper bound decreases with the increase of the angle between two spin operators. Then we generalize the inequality to d-dimensional case where two projective measurements with MUBs are considered. Since MUBs hold the special property that arbitrary two states from different bases have the same overlap, we can get a general bound for any combination of outcomes. Furthermore, our new inequality can be employed to a general thermodynamic cycle, which constructs connection between quantum uncertainty and the second law of thermodynamics. Finally we prove the finegrained uncertainty relation for three Pauli operators. However, the result for more than two measurements in higherdimensional space is to be solved.
